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• ϕΫτϧࣗݾճؼʢVARʣϞσϧ͸ɼࣗݾճؼʢARʣϞσϧͷଟมྔ΁ͷ

֦ுͰ͋Δɽ

• VARϞσϧΛ༻͍Δ໨త

1 ෳ਺ͷม਺Λ༻͍Δ͜ͱͰ༧ଌਫ਼౓Λ্͛Δɽ

2 ม਺ؒͷಈֶతؔ܎ͷ෼ੳΛ͏ߦɽʢ࣌ؒతͳཁૉ΍ݪҼɾ݁Ռͷؔ܎ͳͲ
ΛؚΊͯݱࡁܦ৅Λ෼ੳ͢Δʣ

- άϨϯδϟʔҼՌੑɼΠϯύϧεԠ౴ؔ਺ɼ෼ࢄ෼ղͱ͍ͬͨ
Ͱ͖ΔڙͳπʔϧΛఏྗڧ

- 80೥୅Ҏ߱ɼϚΫϩֶࡁܦ΍ϑΝΠφϯεͰසൟʹར༻͞Ε
ΔΑ͏ʹͳͬͨɽ
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४උ

• Ϟσϧʹؚ·ΕΔม਺ yt = (y1t, y2t, ..., ynt)′ ΛఆΊΔɽ

Ex:

- ͷ෼ੳͷ৔߹ɼ೔ຊɼΞϝϦΧɼΠΪϦε܎৔ͷؔࢢࣜגࡍࠃ
ͷࣜגऩӹ཰ͳͲɽ

- ۚ༥੓ࡦͷޮՌͷ෼ੳͷ৔߹ɼ߭ۀ޻ੜࢦ࢈਺ɼίʔϧϨʔ
τɼϚωλϦʔϕʔεɼ෺ՁͳͲɽ

• ϕΫτϧ yͷظ଴஋ʢϕΫτϧʣ

E(yt) = [E(y1t), ..., E(ynt)]
′

• k࣍ࣗڞݾ෼ྻߦࢄ

Cov(yt,yt−k) = [Cov(yit, yj,t−k]ij =

⎛

⎜⎜⎜⎜⎜⎜⎝

Cov(y1t, y1,t−k) · · · Cov(y1t, yn,t−k)

.

.

.
. . . · · ·

Cov(ynt, y1,t−k) · · · Cov(ynt, yn,t−k)

⎞

⎟⎟⎟⎟⎟⎟⎠
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ϕΫτϧաఔͷఆৗੑ

• ʢҎԼɼΓkʣ͕࣌఺ྻߦࢄ෼ڞݾ଴஋ʢҎԼɼµʣͱࣗظ tʹґଘ͠ͳ͍

ͱ͖ɼϕΫτϧաఔ͸ऑఆৗʢڞ෼ࢄఆৗʣͱ͍ΘΕΔɽʢҎԼɼ͜ΕΛ

Ծఆ͢Δʣ

- ୯ҐͷґଘੑΛͳͨࣗ͘͠ݾ૬ؔྻߦ

ρk = Corr(yt,yt−k) = [Corr(yit, yj,t−k)]ij

΋Α͘༻͍ΒΕΔɽD = diag(var(y1), ..., var(yn))ͱ͢Δͱɼ

ρk = D−1/2ΓkD
−1/2

Ͱ͋Δɽ
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ϗϫΠτϊΠζͷϕΫτϧ΁ͷ֦ு
Definition (ϕΫτϧϗϫΠτϊΠζ)

ϕΫτϧաఔ ϵt ͕͢΂ͯͷ࣌఺ tͰ

E(ϵt) = 0,

E(ϵtϵ
′
t−k) =

⎧
⎪⎪⎨

⎪⎪⎩

Σ, k = 0

0, k ̸= 0

Λຬͨ͢ͱ͖ɼϵt ͸ϕΫτϧϗϫΠτϊΠζͱ͍ΘΕΔɽϵt ∼ W.N.(Σ)

• ໌Β͔ʹऑఆৗͰ͋Γɼࣗݾ૬ؔΛ΋ͨͳ͍ɽ

• ͜͜ͰɼΣ͸ n× nਖ਼ఆ஋ྻߦͰ͋Δɽ

• ରশྻߦͰ͋Δඞཁ͸ͳ͍ɽͭ·Γɼϵt ͸ҟ࣌఺Ͱ͸Ͳͷ੒෼΋૬ؔΛ࣋

ͨͳ͍͕ɼಉ࣌఺ʹ͓͍֤ͯ੒෼͸૬ؔΛ΋ͬͯΑ͍ɽ
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ϕΫτϧࣗݾճؼʢVARʣϞσϧ

Definition (ϕΫτϧࣗݾճؼ (VAR)Ϟσϧ VAR(p))

yt = c+ Φ1yt−1 + · · ·+ Φpyt−p + ϵt, ϵt ∼ W.N.(Σ)

ͨͩ͠ɼc͸ n× 1ఆ਺ϕΫτϧɽΦi ͸ n× n܎਺ྻߦɽ

ͨͱ͑͹ɼ̎มྔ VAR(1)Ϟσϧ͸
⎧
⎪⎪⎨

⎪⎪⎩

y1t = c1 + φ11y1,t−1 + φ12y2,t−1 + ϵ1t

y2t = c2 + φ21y1,t−1 + φ22y2,t−1 + ϵ2t

,

(
ϵ1t
ϵ2t

)
∼ W.N.(Σ)

Σ =

⎛

⎜⎝
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

⎞

⎟⎠ , ρ = Corr(ϵ1t, ϵ2t)
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VAR(p)Ϟσϧͷఆৗੑ৚݅

• ̍มྔͷͱ͖ͱಉ༷ʹɼVARϞσϧ͸ඞͣ͠΋ఆৗʹͳΔͱ͸ݶΒͳ͍ɽ

• ఆৗ৚݅͸̍มྔͷͱ͖ͷఆৗ৚݅Λྻߦʹ֦ுͨ͠΋ͷɼͭ·Γ

|1n − Φ1z − · · ·− Φpz
p| = 0

ͷ͢΂ͯͷղͷઈର஋͕ 1ΑΓେ͖͍͜ͱͰ͋Δɽ

10 / 22



ྫ 4.2 (VAR(1)Ϟσϧͷఆৗ৚݅)

• VAR(1)Ϟσϧ

yt = Φ1yt−1 + ϵt, ϵt ∼ W.N.(Σ)

Λ͑ߟΔɽ

• ARಛੑํఔࣜ |In − Φ1z| = 0Λղ͘ɽ͜Ε͸ɼ|z−1In − Φ1| = 0ͱಉ஋ɽ

ͭ·Γઢܗ୅਺Ͱ͍͏ Φ1 ͷݻ༗ํఔࣜΛղ͘͜ͱͰ͋Δɽ

- ఆৗੑͷ৚݅ |z| > 1͸ Φ1ͷ͢΂ͯͷݻ༗஋ͷઈର஋͕ 1ΑΓখ͍͜͞ͱ

Ͱ͋Δɽ
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VARϞσϧͷ౷ྔܭ

• VARϞσϧͷظ଴஋͸

µ = E(yt) = E(c+ Φ1yt−1 + · · ·+ Φpyt−p + ϵt, )

= c+ Φ1µ+ · · ·Φpµ

µ = (In − Φ1 − · · ·− Φp)
−1c

Ͱ͋Δɽ

• ൛ͷϢʔϧɾ΢ΥʔΧʔํఔࣜྻߦ૬ؔ͸ݾࣗ

ρk = Φ1ρk−1 + · · ·+ Φpρk−p

ʹΑΓٻΊΔ͜ͱ͕Ͱ͖Δɽ

12 / 22



VARϞσϧͷਪఆ

• VARϞσϧͷ֤ํఔࣜ͸ಉ࣌఺ͷͦͷଞͷม਺͸ؚ·ͳ͍ͷͰಉ࣌ํఔࣜ
Ϟσϧ (simultaneous equation model)Ͱ͸ͳ͍ɽ

- ྫ͑͹ɼ
{
xt = c1 + φzt−1 + ϵ1t

yt = c2 + ϕzt−1 + ϵ2t

Έ͍ͨͳͷ͕ಉ࣌ํఔࣜϞσϧɽ

• ͔͠͠ɼ֤ํఔࣜ͸߲ࠩޡͷ૬ؔΛ௨͍ͯؔͯ͡͠܎Δɽ͜ͷΑ͏ͳϞσ
ϧΛ্͚͔ݟແؔ܎ͳճؼ (SUR)Ϟσϧ (seemingly unrelated regression

model)ͱ͍͏ɽ

→ Ұൠతʹɼ͢΂ͯͷճࣜؼΛಉ࣌ʹਪఆ͠ͳ͚Ε͹ͳΒͳ͍ɽ
BUT VARϞσϧ͸શͯͷճ͕ࣜؼಉҰͷઆ໌ม਺Λ࣋ͭͱ͍͏ಛ

घੑ͕͋ΔͨΊɺ࣮͸֤ํఔࣜΛݸผʹOLSʹΑͬͯਪఆ͢
Ε͹ BLUEʹͳΔͱ͍͏͜ͱ͕෼͔͍ͬͯΔɽ·ͨɼࠩޡͷΨ
΢εੑΛԾఆ͢Ε͹MLEͱҰகɽ
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VARϞσϧͷ࣍਺બ୒

• ৘ใྔن४Λ༻͍·͠ΐ͏ɽ

• తʹఆΊΔ͜ͱ΋ඞཁΒ͍͠Ͱ͢ɽݧܦ

• VMAϞσϧ΍ VARMAϞσϧ΋ಉ༷ʹఆٛͰ͖Δ͕ɼԠ༻্΄ͱΜͲར
༻͞Εͳ͍ɽ

- Ϟσϧͷਪఆ͕ࠔ೉ɽ
- VARϞσϧ͚ͩͰ΋͔ͳΓෳࡶͳϞσϧΛهड़Ͱ͖Δɽ
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̏ͭͷπʔϧͷ֓આ

• άϨϯδϟʔҼՌੑɿ
- ͋Δม਺ʢ܈ʣ͕ଞͷม਺ʢ܈ʣͷ༧ଌͷ্޲ʹ໾ཱ͔ͭͲ͏
͔൑ఆ͢Δɽ

Ex. ΞϝϦΧͷࢢࣜג৔͕ɼ೔ຊͷࢢࣜג৔ͷ༧ଌʹ໾ཱͭͷ͔ʁ

• ΠϯύϧεԠ౴ม਺ɿ
- ͋Δม਺ʹର͢ΔγϣοΫ΍ͦͷม਺΍ͦͷଞͷม਺ʹ༩͑Δ
ӨڹΛ෼ੳ͢Δɽ

Ex. ೔ຊͷࢢࣜג৔ʹଞࠃͷࢢࣜג৔͕ͲͷΑ͏ͳӨڹΛɼͲͷΑ
͏ͳେ͖͞Ͱ༩͑Δͷ͔ʁ

• ෼ࢄ෼ղɿ
- ֤ม਺ͷෆ࣮֬ੑʹ͓͍ͯɼ֤ม਺͕د༩͢Δׂ߹Λ͢ࢉܭΔɽ

Ex. ೔ຊͷࢢࣜג৔ʹ͓͚Δ༧ଌͰ͖ͳ͍มಈʹ͓͍ͯɼ֤ࠃͷג
৔͕Ͳͷఔ౓ͷ໾ׂΛՌ͍ͨͯ͠Δͷ͔ʁࢢࣜ
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άϨϯδϟʔҼՌੑ Granger(1969)

Definition (άϨϯδϟʔҼՌੑ)

ͷڈͱաࡏݱ xͷ஋͚ͩʹ͍ͨͮجকདྷͷ xͷ༧ଌͱɼࡏݱͱաڈͷ xͱ yͷ

஋ʹ͍ͨͮجকདྷͷ xͷ༧ଌΛൺֱͯ͠ऀޙͷ΄͏͕MSE͕খ͘͞ͳΔ৔߹ɼ

yt ͔Β xt ΁ͷάϨϯδϟʔҼՌੑ͕ଘ͢ࡏΔͱ͍͏ɽ

Definition (ҰൠతͳάϨϯδϟʔҼՌੑ)

xt ͱ yt ͸ϕΫτϧաఔɽxͱ yͷ࣌఺ tʹ͓͍ͯࡏݱͱաڈΛؚΉར༻Մೳͳ

৘ใͷू߹ Ωtɼࡏݱͱաڈͷ yΛऔΓআ͍ͨ΋ͷΛ Ω̃t ͱ͢Δɽ͜ͷͱ͖ɼΩ̃t

কདྷͷ͍ͨͮجʹ xͷ༧ଌͱɼΩtʹ͍ͨͮجকདྷͷ xͷ༧ଌΛൺֱͯ͠ɼऀޙ

ͷ΄͏͕খ͘͞ͳΔ৔߹ɼyt ͔Β xt ΁ͷάϨϯδϟʔҼՌੑ͕ଘ͢ࡏΔͱ͍

͏ɽMSEͷେখ͸ྻߦͷҙຯͰͷେখͰ͋Δɽ
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άϨϯδϟʔҼՌੑͷ۩ମྫ

͜͜Ͱ͸ɼ2มྔ VAR(2)ϞσϧͰ۩ମྫΛࣔ͢ɽ

⎧
⎪⎪⎨

⎪⎪⎩

y1t = c1 + φ(1)
11 y1,t−1 + φ(1)

12 y2,t−1 + φ(2)
11 y1,t−2 + φ(2)

12 y2,t−2 + ϵ1t

y2t = c2 + φ(1)
21 y1,t−1 + φ(1)

22 y2,t−1 + φ(2)
21 y1,t−2 + φ(2)

22 y2,t−2 + ϵ2t

- y2t ͔Β y1t ΁ͷάϨϯδϟʔҼՌੑ͕ଘ͠ࡏͳ͍ͱ͍͏͜ͱ͸

φ(1)
12 = φ(2)

12 = 0ͱಉ஋ɽ͜ͷ͜ͱ͸ɼΑΓҰൠͷ࣍਺Ͱ΋ಉ༷ɽ

→ FݕఆͰɼy1 ͷࣜʹ͓͍ͯ y2 ʹؔ࿈͢Δ܎਺͕͢΂ͯ 0ʹͳΔ͜ͱΛؼ

ແԾઆͱͯ͠ݕఆ͢Ε͹Α͍ʂ
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FݕఆʹΑΔάϨϯδϟʔҼՌੑͷݕఆ

1 ແԾઆɼH0ؼ : φ(1)
12 = φ(2)

12 = 0ͱ͢Δɽ

2 y1t = c1 + φ(1)
11 y1,t−1 + φ(1)

12 y2,t−1 + φ(2)
11 y1,t−2 + φ(2)

12 y2,t−2 + ϵ1t

Ͱ OLSͰਪఆ͢Δɽͦͷࠩ࢒ฏํ࿨Λ SSR1ͱ͢Δɽ

3 y1t = c1 + φ(1)
11 y1,t−1 + φ(2)

11 y1,t−2 + ϵ1t

Ͱ OLSͰਪఆ͠ɼͦͷࠩ࢒ฏํ࿨Λ SSR0ͱ͢Δɽ

4 F౷ྔܭ

F :=
(SSR0− SSR1)/2

SSR1/(T − 5)

Λఆٛ͢Δɽ2F͸ؼແԾઆͷԼͰ઴ۙతʹ χ2(2)ʹै͏ɽ2Fͱ χ2(2)ͷ

95ύʔηϯτ఺ͱൺֱͯ͠ɼ2Fͷํ͕େ͖͚Ε͹H0 Λ٫غɽάϨϯ

δϟʔҼՌ͕ଘ͢ࡏΔͱ͢Δʂ
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Ұൠͷ৔߹ͷ FݕఆʹΑΔάϨϯδϟʔҼՌੑͷݕఆ

΄΅ಉ͕ͩ͡ɼnมྔ VAR(p)Ϟσϧͷ৔߹͸ F౷ྔܭΛ

F :=
(SSR0− SSR1)/r

SSR1/(T − np− 1)

ͨͩ͠ɼr͸͑ߟΔ੍໿ͷ਺ɽ

͋ͱ͸ rF ͷؼແ෼෍͕ χ2(r)ʹ઴ۙతʹै͏͜ͱΛར༻ͯ͠ɼݕఆ͢Ε͹ྑ͍ɽ
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Sims(1972)ʹΑΔ෼෍ϥάϞσϧͷղऍ

• ͋Δ࣌ྻܥ yt ͕ผͷ࣌ྻܥ xt ͱظ଴஋ 0ͷ߲ࠩޡ ϵt Λ༻͍ͯ

yt = c+
∞∑

k=0

bkxt−k + ϵt, Cov(xt, ϵs) = 0, ∀t, s

ͱ͍͏ܗͰදݱͰ͖Δͱ͖ɼyt ͸ xt ͷ෼෍ϥάϞσϧʹै͏ͱ͍ΘΕΔɽ

- xt ͕೚ҙͷ࣌఺ sͰࠩޡ ϵs ͱແ૬ؔɽ

→ ytʹ͓͍ͯɼxʹؔ͢Δ৘ใؚ͕·ΕΔ෦෼͸ɼ׬શʹࡏݱͱաڈͷ xͰ

ड़͞ΕΔɽه

→ yt͕ xtͷ෼෍ϥάϞσϧʹै͏৔߹ɼyt͔Β xt΁ͷάϨϯδϟʔҼՌੑ

͸ଘ͠ࡏͳ͍ɽʢٯ΋੒Γཱͭʣ

- yt ͔Β xt ΁ͷάϨϯδϟʔҼՌੑ͕ଘ͠ࡏͳ͍ͨΊͷඞཁे෼৚݅͸ɼ

yt ͕ xt ͷ෼෍ϥάϞσϧͰදݱͰ͖Δ͜ͱͰ͋Δɽ

21 / 22



άϨϯδϟʔҼՌੑͷ௕ॴͱ୹ॴ

• ௕ॴ
- ఆ͕ٛඇৗʹ໌֬Ͱ͋Δɽ
- σʔλΛ༻͍ͯ༰қʹݕఆͰ͖Δɽ

• ୹ॴ
• άϨϯδϟʔҼՌੑ͸௨ৗͷҼՌੑͱ͸ҟͳΔɽʢ௨ৗͷҼՌੑ
͕ଘ͢ࡏΔඞཁ৚݅Ͱ͸͋Δʣ

• άϨϯδϟʔҼՌੑͱ௨ৗͷҼՌੑͷ͕͖޲ಉ͡ʹͳΔͱ͸ݶ
Βͳ͍ɽ

• ఆੑత֓೦Ͱ͋Γɼؔ܎ͷ͕͞ڧଌΕͳ͍ɽʢΠϯύϧεԠ౴ؔ
਺΍෼ࢄ෼ղΛ͏͓࢖ʣ
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