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• ϕΫτϧࣗݾճؼʢVARʣϞσϧɼࣗݾճؼʢARʣϞσϧͷଟมྔͷ

֦ுͰ͋Δɽ

• VARϞσϧΛ༻͍Δత

1 ෳͷมΛ༻͍Δ͜ͱͰ༧ଌਫ਼Λ্͛Δɽ

2 มؒͷಈֶతؔͷੳΛ͏ߦɽʢؒ࣌తͳཁૉݪҼɾ݁ՌͷؔͳͲ
ΛؚΊͯݱࡁܦΛੳ͢Δʣ

- άϨϯδϟʔҼՌੑɼΠϯύϧεԠؔɼࢄղͱ͍ͬͨ
Ͱ͖ΔڙͳπʔϧΛఏྗڧ

- 80Ҏ߱ɼϚΫϩֶࡁܦϑΝΠφϯεͰසൟʹར༻͞Ε
ΔΑ͏ʹͳͬͨɽ
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४උ

• Ϟσϧʹؚ·ΕΔม yt = (y1t, y2t, ..., ynt)′ ΛఆΊΔɽ

Ex:

- ͷੳͷ߹ɼຊɼΞϝϦΧɼΠΪϦεͷؔࢢࣜגࡍࠃ
ͷࣜגऩӹͳͲɽ

- ۚ༥ࡦͷޮՌͷੳͷ߹ɼ߭ۀੜࢦ࢈ɼίʔϧϨʔ
τɼϚωλϦʔϕʔεɼՁͳͲɽ

• ϕΫτϧ yͷظʢϕΫτϧʣ

E(yt) = [E(y1t), ..., E(ynt)]
′

• kڞݾࣗ࣍ྻߦࢄ

Cov(yt,yt−k) = [Cov(yit, yj,t−k]ij =

⎛

⎜⎜⎜⎜⎜⎜⎝

Cov(y1t, y1,t−k) · · · Cov(y1t, yn,t−k)

.

.

.
. . . · · ·

Cov(ynt, y1,t−k) · · · Cov(ynt, yn,t−k)

⎞

⎟⎟⎟⎟⎟⎟⎠
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ϕΫτϧաఔͷఆৗੑ

• ࣌ʢҎԼɼΓkʣ͕ྻߦࢄڞݾʢҎԼɼµʣͱࣗظ tʹґଘ͠ͳ͍

ͱ͖ɼϕΫτϧաఔऑఆৗʢڞࢄఆৗʣͱ͍ΘΕΔɽʢҎԼɼ͜ΕΛ

Ծఆ͢Δʣ

- ୯ҐͷґଘੑΛͳͨࣗ͘͠ݾ૬ؔྻߦ

ρk = Corr(yt,yt−k) = [Corr(yit, yj,t−k)]ij

Α͘༻͍ΒΕΔɽD = diag(var(y1), ..., var(yn))ͱ͢Δͱɼ

ρk = D−1/2ΓkD
−1/2

Ͱ͋Δɽ
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ϗϫΠτϊΠζͷϕΫτϧͷ֦ு
Definition (ϕΫτϧϗϫΠτϊΠζ)

ϕΫτϧաఔ ϵt ͕ͯ͢ͷ࣌ tͰ

E(ϵt) = 0,

E(ϵtϵ
′
t−k) =

⎧
⎪⎪⎨

⎪⎪⎩

Σ, k = 0

0, k ̸= 0

Λຬͨ͢ͱ͖ɼϵt ϕΫτϧϗϫΠτϊΠζͱ͍ΘΕΔɽϵt ∼ W.N.(Σ)

• ໌Β͔ʹऑఆৗͰ͋Γɼࣗݾ૬ؔΛͨͳ͍ɽ

• ͜͜ͰɼΣ n× nਖ਼ఆྻߦͰ͋Δɽ

• ରশྻߦͰ͋Δඞཁͳ͍ɽͭ·Γɼϵt ҟ࣌ͰͲͷ૬ؔΛ࣋

ͨͳ͍͕ɼಉ࣌ʹ͓͍֤ͯ૬ؔΛͬͯΑ͍ɽ
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ϕΫτϧࣗݾճؼʢVARʣϞσϧ

Definition (ϕΫτϧࣗݾճؼ (VAR)Ϟσϧ VAR(p))

yt = c+ Φ1yt−1 + · · ·+ Φpyt−p + ϵt, ϵt ∼ W.N.(Σ)

ͨͩ͠ɼc n× 1ఆϕΫτϧɽΦi  n× nྻߦɽ

ͨͱ͑ɼ̎มྔ VAR(1)Ϟσϧ
⎧
⎪⎪⎨

⎪⎪⎩

y1t = c1 + φ11y1,t−1 + φ12y2,t−1 + ϵ1t

y2t = c2 + φ21y1,t−1 + φ22y2,t−1 + ϵ2t

,

(
ϵ1t
ϵ2t

)
∼ W.N.(Σ)

Σ =

⎛

⎜⎝
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

⎞

⎟⎠ , ρ = Corr(ϵ1t, ϵ2t)
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VAR(p)Ϟσϧͷఆৗੑ݅

• ̍มྔͷͱ͖ͱಉ༷ʹɼVARϞσϧඞͣ͠ఆৗʹͳΔͱݶΒͳ͍ɽ

• ఆৗ݅̍มྔͷͱ͖ͷఆৗ݅Λྻߦʹ֦ுͨ͠ͷɼͭ·Γ

|1n − Φ1z − · · ·− Φpz
p| = 0

ͷͯ͢ͷղͷઈର͕ 1ΑΓେ͖͍͜ͱͰ͋Δɽ
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ྫ 4.2 (VAR(1)Ϟσϧͷఆৗ݅)

• VAR(1)Ϟσϧ

yt = Φ1yt−1 + ϵt, ϵt ∼ W.N.(Σ)

Λ͑ߟΔɽ

• ARಛੑํఔࣜ |In − Φ1z| = 0Λղ͘ɽ͜Εɼ|z−1In − Φ1| = 0ͱಉɽ

ͭ·ΓઢܗͰ͍͏ Φ1 ͷݻ༗ํఔࣜΛղ͘͜ͱͰ͋Δɽ

- ఆৗੑͷ݅ |z| > 1 Φ1ͷͯ͢ͷݻ༗ͷઈର͕ 1ΑΓখ͍͜͞ͱ

Ͱ͋Δɽ
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VARϞσϧͷ౷ྔܭ

• VARϞσϧͷظ

µ = E(yt) = E(c+ Φ1yt−1 + · · ·+ Φpyt−p + ϵt, )

= c+ Φ1µ+ · · ·Φpµ

µ = (In − Φ1 − · · ·− Φp)
−1c

Ͱ͋Δɽ

• ൛ͷϢʔϧɾΥʔΧʔํఔࣜྻߦ૬ؔݾࣗ

ρk = Φ1ρk−1 + · · ·+ Φpρk−p

ʹΑΓٻΊΔ͜ͱ͕Ͱ͖Δɽ
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VARϞσϧͷਪఆ

• VARϞσϧͷ֤ํఔࣜಉ࣌ͷͦͷଞͷมؚ·ͳ͍ͷͰಉํ࣌ఔࣜ
Ϟσϧ (simultaneous equation model)Ͱͳ͍ɽ

- ྫ͑ɼ
{
xt = c1 + φzt−1 + ϵ1t

yt = c2 + ϕzt−1 + ϵ2t

Έ͍ͨͳͷ͕ಉํ࣌ఔࣜϞσϧɽ

• ͔͠͠ɼ֤ํఔ߲ࣜࠩޡͷ૬ؔΛ௨͍ͯؔͯ͡͠Δɽ͜ͷΑ͏ͳϞσ
ϧΛ্͚͔ݟແؔͳճؼ (SUR)Ϟσϧ (seemingly unrelated regression

model)ͱ͍͏ɽ

→ Ұൠతʹɼͯ͢ͷճࣜؼΛಉ࣌ʹਪఆ͠ͳ͚ΕͳΒͳ͍ɽ
BUT VARϞσϧશͯͷճ͕ࣜؼಉҰͷઆ໌มΛͭ࣋ͱ͍͏ಛ

घੑ͕͋ΔͨΊɺ࣮֤ํఔࣜΛݸผʹOLSʹΑͬͯਪఆ͢
Ε BLUEʹͳΔͱ͍͏͜ͱ͕͔͍ͬͯΔɽ·ͨɼࠩޡͷΨ
εੑΛԾఆ͢ΕMLEͱҰகɽ
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VARϞσϧͷ࣍બ

• ใྔن४Λ༻͍·͠ΐ͏ɽ

• తʹఆΊΔ͜ͱඞཁΒ͍͠Ͱ͢ɽݧܦ

• VMAϞσϧ VARMAϞσϧಉ༷ʹఆٛͰ͖Δ͕ɼԠ༻্΄ͱΜͲར
༻͞Εͳ͍ɽ

- Ϟσϧͷਪఆ͕ࠔɽ
- VARϞσϧ͚ͩͰ͔ͳΓෳࡶͳϞσϧΛهड़Ͱ͖Δɽ
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̏ͭͷπʔϧͷ֓આ

• άϨϯδϟʔҼՌੑɿ
- ͋Δมʢ܈ʣ͕ଞͷมʢ܈ʣͷ༧ଌͷ্ʹཱ͔ͭͲ͏
͔ఆ͢Δɽ

Ex. ΞϝϦΧͷࢢࣜג͕ɼຊͷࢢࣜגͷ༧ଌʹཱͭͷ͔ʁ

• ΠϯύϧεԠมɿ
- ͋Δมʹର͢ΔγϣοΫͦͷมͦͷଞͷมʹ༩͑Δ
ӨڹΛੳ͢Δɽ

Ex. ຊͷࢢࣜגʹଞࠃͷࢢࣜג͕ͲͷΑ͏ͳӨڹΛɼͲͷΑ
͏ͳେ͖͞Ͱ༩͑Δͷ͔ʁ

• ࢄղɿ
- ֤มͷෆ࣮֬ੑʹ͓͍ͯɼ֤ม͕د༩͢Δׂ߹Λ͢ࢉܭΔɽ

Ex. ຊͷࢢࣜגʹ͓͚Δ༧ଌͰ͖ͳ͍มಈʹ͓͍ͯɼ֤ࠃͷג
͕ͲͷఔͷׂΛՌ͍ͨͯ͠Δͷ͔ʁࢢࣜ
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άϨϯδϟʔҼՌੑ Granger(1969)

Definition (άϨϯδϟʔҼՌੑ)

ͷڈͱաࡏݱ xͷ͚ͩʹ͍ͨͮجকདྷͷ xͷ༧ଌͱɼࡏݱͱաڈͷ xͱ yͷ

ʹ͍ͨͮجকདྷͷ xͷ༧ଌΛൺֱͯ͠ऀޙͷ΄͏͕MSE͕খ͘͞ͳΔ߹ɼ

yt ͔Β xt ͷάϨϯδϟʔҼՌੑ͕ଘ͢ࡏΔͱ͍͏ɽ

Definition (ҰൠతͳάϨϯδϟʔҼՌੑ)

xt ͱ yt ϕΫτϧաఔɽxͱ yͷ࣌ tʹ͓͍ͯࡏݱͱաڈΛؚΉར༻Մͳ

ใͷू߹ Ωtɼࡏݱͱաڈͷ yΛऔΓআ͍ͨͷΛ Ω̃t ͱ͢Δɽ͜ͷͱ͖ɼΩ̃t

কདྷͷ͍ͨͮجʹ xͷ༧ଌͱɼΩtʹ͍ͨͮجকདྷͷ xͷ༧ଌΛൺֱͯ͠ɼऀޙ

ͷ΄͏͕খ͘͞ͳΔ߹ɼyt ͔Β xt ͷάϨϯδϟʔҼՌੑ͕ଘ͢ࡏΔͱ͍

͏ɽMSEͷେখྻߦͷҙຯͰͷେখͰ͋Δɽ
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άϨϯδϟʔҼՌੑͷ۩ମྫ

͜͜Ͱɼ2มྔ VAR(2)ϞσϧͰ۩ମྫΛࣔ͢ɽ

⎧
⎪⎪⎨

⎪⎪⎩

y1t = c1 + φ(1)
11 y1,t−1 + φ(1)

12 y2,t−1 + φ(2)
11 y1,t−2 + φ(2)

12 y2,t−2 + ϵ1t

y2t = c2 + φ(1)
21 y1,t−1 + φ(1)

22 y2,t−1 + φ(2)
21 y1,t−2 + φ(2)

22 y2,t−2 + ϵ2t

- y2t ͔Β y1t ͷάϨϯδϟʔҼՌੑ͕ଘ͠ࡏͳ͍ͱ͍͏͜ͱ

φ(1)
12 = φ(2)

12 = 0ͱಉɽ͜ͷ͜ͱɼΑΓҰൠͷ࣍Ͱಉ༷ɽ

→ FݕఆͰɼy1 ͷࣜʹ͓͍ͯ y2 ʹؔ࿈͢Δ͕ͯ͢ 0ʹͳΔ͜ͱΛؼ

ແԾઆͱͯ͠ݕఆ͢ΕΑ͍ʂ
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FݕఆʹΑΔάϨϯδϟʔҼՌੑͷݕఆ

1 ແԾઆɼH0ؼ : φ(1)
12 = φ(2)

12 = 0ͱ͢Δɽ

2 y1t = c1 + φ(1)
11 y1,t−1 + φ(1)

12 y2,t−1 + φ(2)
11 y1,t−2 + φ(2)

12 y2,t−2 + ϵ1t

Ͱ OLSͰਪఆ͢ΔɽͦͷࠩฏํΛ SSR1ͱ͢Δɽ

3 y1t = c1 + φ(1)
11 y1,t−1 + φ(2)

11 y1,t−2 + ϵ1t

Ͱ OLSͰਪఆ͠ɼͦͷࠩฏํΛ SSR0ͱ͢Δɽ

4 F౷ྔܭ

F :=
(SSR0− SSR1)/2

SSR1/(T − 5)

Λఆٛ͢Δɽ2FؼແԾઆͷԼͰۙతʹ χ2(2)ʹै͏ɽ2Fͱ χ2(2)ͷ

95ύʔηϯτͱൺֱͯ͠ɼ2Fͷํ͕େ͖͚ΕH0 Λ٫غɽάϨϯ

δϟʔҼՌ͕ଘ͢ࡏΔͱ͢Δʂ
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Ұൠͷ߹ͷ FݕఆʹΑΔάϨϯδϟʔҼՌੑͷݕఆ

΄΅ಉ͕ͩ͡ɼnมྔ VAR(p)Ϟσϧͷ߹ F౷ྔܭΛ

F :=
(SSR0− SSR1)/r

SSR1/(T − np− 1)

ͨͩ͠ɼr͑ߟΔ੍ͷɽ

͋ͱ rF ͷؼແ͕ χ2(r)ʹۙతʹै͏͜ͱΛར༻ͯ͠ɼݕఆ͢Εྑ͍ɽ
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Sims(1972)ʹΑΔϥάϞσϧͷղऍ

• ͋Δྻܥ࣌ yt ͕ผͷྻܥ࣌ xt ͱظ 0ͷ߲ࠩޡ ϵt Λ༻͍ͯ

yt = c+
∞∑

k=0

bkxt−k + ϵt, Cov(xt, ϵs) = 0, ∀t, s

ͱ͍͏ܗͰදݱͰ͖Δͱ͖ɼyt  xt ͷϥάϞσϧʹै͏ͱ͍ΘΕΔɽ

- xt ͕ҙͷ࣌ sͰࠩޡ ϵs ͱແ૬ؔɽ

→ ytʹ͓͍ͯɼxʹؔ͢Δใؚ͕·ΕΔ෦ɼશʹࡏݱͱաڈͷ xͰ

ड़͞ΕΔɽه

→ yt͕ xtͷϥάϞσϧʹै͏߹ɼyt͔Β xtͷάϨϯδϟʔҼՌੑ

ଘ͠ࡏͳ͍ɽʢٯΓཱͭʣ

- yt ͔Β xt ͷάϨϯδϟʔҼՌੑ͕ଘ͠ࡏͳ͍ͨΊͷඞཁे݅ɼ

yt ͕ xt ͷϥάϞσϧͰදݱͰ͖Δ͜ͱͰ͋Δɽ
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άϨϯδϟʔҼՌੑͷॴͱॴ

• ॴ
- ఆ͕ٛඇৗʹ໌֬Ͱ͋Δɽ
- σʔλΛ༻͍ͯ༰қʹݕఆͰ͖Δɽ

• ॴ
• άϨϯδϟʔҼՌੑ௨ৗͷҼՌੑͱҟͳΔɽʢ௨ৗͷҼՌੑ
͕ଘ͢ࡏΔඞཁ݅Ͱ͋Δʣ

• άϨϯδϟʔҼՌੑͱ௨ৗͷҼՌੑͷ͕͖ಉ͡ʹͳΔͱݶ
Βͳ͍ɽ

• ఆੑత֓೦Ͱ͋Γɼؔͷ͕͞ڧଌΕͳ͍ɽʢΠϯύϧεԠؔ
ࢄղΛ͏͓ʣ
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